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1 Introduction 



Topological models [jl], 0, Q are known to be characterized by a supersymmetric 
algebra of the Wess-Zumino type whose generators are identified respectively with 
the BRS symmetry and with the vector supersymmetry carrying a Lorentz index 

i- 

This supersymmetric structure turns out to be very useful in order to discuss the 
perturbative renormalization of these models. Indeed, as shown in [Q, it provides a 
simple way for solving the descent equations corresponding to the integrated BRS 
cohomology, yielding then an algebraic characterization of anomalies and invariant 
counterterms for both Schwarz and Witten's type topological models. 

This paper is the continuation of a recent work where the vector supersym- 
metry has been established also in the case of the bosonic string quantized in the 
Beltrami parametrization [jlT], In particular we show that the vector supersym- 
metry can be generalized to the (1, 1) and (1, 0) superstring theories and that, as in 
the bosonic case, it can be used for an algebraic characterization of the superdiffeo- 
morphism anomaly. 

In the following we shall adopt the so called super- Beltrami parametrization. We 
will make use of the results of [^, |10[ where this parametrization has been developed 
in a superfield as well as in a component field formalism. Let us recall that the 
Beltrami parametrization, introduced by ||T^, has been shown |12] to be the most 



natural parametrization which exhibits the holomorphic factorization of the Green 
functions according to the Belavin-Polyakov-Zamolodchikov scheme |T^. This holds 



true also for the super- Beltrami parametrization [|T0 |. 



The work is organized as follows. Sect. 2 is devoted to a brief summary of the BRS 
quantization of the superstring in the super-Beltrami parametrization. In Sect. 3 we 
introduce the vector supersymmetry and we study the related Ward identities. Fi- 
nally, in Sect. 4 we solve the descent equations for the superdiffeomorphism anomaly. 
All the calculations are done for the case of the (1,1) superstring, the (1,0) case 
being easily recovered by means of a simple truncation procedure, as explained in 
Sect. 2. 
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2 BRS-quantization of the superstring 



Following [|T0[, the superstring action in component fields and in the Wess-Zumino 
(WZ) gauge is given by: 



dzdz- 



(d - fid)X{d - fid)X 



+ 



1 - /^/^ ^ 

dzdz ( aX(d — j2d)X + aX(d — fid)X H — aXaX 

1 — ^/i V 2 



(2.1) 



+ J dzdz(^X{d - /i<9)A + X{d - fid)X + (1 - 



with 



d = d. 



(2.2) 



Here the {X} are the string coordinates, the {A} denote the fermionic superpartners 
and the {F} are auxiliary fields. stands for the conventional (i.e. bosonic) Beltrami 
differential and a, also called " Beltramino" , is its fermionic superpartner. The 
doublets (//, a) and (/i, a) characterize the super-Beltrami parametrization which is 
a parametrization of the metric in the 2(i-superspace [|^. For the two dimensional 
world sheet the line element takes the form 



ds"^ oc \dz + fxdz] 



(2.3) 



The quadratic part in the fields {X} of the expression ( p.l|) identifies the bosonic 
string whereas the quadratic terms in {A} are the corresponding fermionic counter- 
part. Looking at the (AX)-terms one can see that the Beltramino a plays the role 
of the gravitino or Rarita-Schwinger field which is present in other formulations of 
the superstring action. 

Expression ( p.l|) represents the full (1, 1) superstring theory. According to |[10| , 
the corresponding (1,0) version is easily obtaind by means of the truncation {a = 
X = F = 0), meaning that the supersymmetry is present only in one sector while in 
the other one has just the bosonic string. In the following we will always refer to 
the (1, 1) model, all the results being easily extended to the (1,0) case by using the 
above truncation procedure. 

The classical action ( p.l|) turns out to be invariant under the superdiffeomor- 
phism transformations which are expressed by the following BRS transformations 

m 



sX 
sX 



- — ^ — -[{c — ^c)dX + (c — nc)dX + ^a{c — fic)X] + ^eA 

-L jjjjji Zi Zi 



(2.4) 



— ^— [(c - iic)dX + (c - /ic)5A] + \ 
I — fj,fi 2 



1 

+ 2 



a(c — /ic) 
(1 - ^fi) 



D,X - - 
2 



■ _ jc - /ic) • 

a{c — yuc) 
(1 - fifi) 



X 



+ e 



(2.5) 
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sX 
sF 



c.c. 



(2.6) 



-^-[(c - fic)dF + (c - fic)dF] + J 



dc 



(c — fic) 
(1 - fifi) 



9/i 



1 

+ 2 
~2 



5c 



1 - fifi) 

a{c — fie) 



[1 - iiy) 



= 


id 


sjj, = 


id 


sa = 


(d 


sa = 


(d 



2 
1 



aic 



/ic) 



(1 - /i^) 



and 



sc 



sc 



se 



se 



2 
1 



cdc — -ee , 
4 

cdc ee , 

4 

c^e edc 

2 

c^e — 2^^'^ 



so that 



= , 

with the supercovariant derivatives DzX and D^A defined as |10 

1 



D,X = .^-[{d-Jid-\dU)X~\a{D,X)+'-JiaF] 

X jJijJj Zi z z 



(2.7) 

(2.8) 
(2.9) 
(2.10) 
(2.11) 

(2.12) 
(2.13) 
(2.14) 
(2.15) 

(2.16) 

(2.17) 
(2.18) 



The fields (c, c) have been introduced by Becchi ||T2[ and are related to the usual 
diffeomorphism ghosts ((^, ^ by 



c = ^ + /i^ , 
c = ^ + ■ 



(2.19) 



Their superpartners (e, e) have bosonic statistic and are related in a similar way to 
the superdiffeomorphism ghosts by [ITU 



e = C + ^a 
e = e + Ca 



(2.20) 
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In order to fix the superdiffeomorphism invariance of ( ^.11 ) we use a superconformal 
gauge. For the corresponding gauge fixing term one has 

- 2iSgf = J dzdz[bsn + hsji - b'^sa - b'^saj , (2.21) 

where {b,b) are the usual antighost fields, whereas (6", 6°) are the corresponding 
supersymmetric partners possessing now a bosonic statistics and 

sb = sb = sb"" = = . (2.22) 

To translate the BRS invariance of the gauge fixed action {Smv + Sgf) 
into a Slavnov identity we introduce a set of invariant external sources 
{J-^ , J''' , J''' , , J'^ , , , J^) coupled to the nonlinear BRS variations of the fields, 
i.e. 

-2iSext = J dzdz(^J^sX + J^sX+J^sX+J^sF+rsc+rsc+J'se+rs?j . (2.23) 
The complete action 

S = Sinv + Sgf + Sext i (2.24) 

obeys then to the Slavnov identity 

5(S) = , (2.25) 

with 



5(S) = / dzdz + — — + -^-^ + 



+ ir-— + 



\5J^5X SJ^SX SJ^6X 6J^6F 6J^ 5c 5 J'' 5c 
5T.5T. 5T.5T. 5S 511 5T. 5T. 5T.\ 

^ 5J^ 5e ^ 5J^ 5e ^ 5b 5iJ,^ 5b 5fi ^ 5b"' 5a ^ 5b"' 5a) 

From the above identity one can read off the linearized Slavnov operator B 

. . 5^ 5 5^ 5 5J: 5 5J: 5 511 5 511 5 
B = / dzdzi —TP— + ——T7 + -— — + — -— + 



5J^5X 5X5J^ 5J^5X 5X5J^ 5J^5X 5X5J^ 
5T. 5 5^ 5 5T. 5 5T. 5 5E 5 5S 5 

5^ 5 5T. 5 5T. 5 5T. 5 5T. 5 5T. 5 
5J^ 5e 5e 5 J" 5J^ 5e 5€ 5J^ 5b 5^i 5fi 5b 

5j: 5 5j: 5 5j: 5 5j: 5 5j: 5 5j: 5 \ , 

-I ^ 1 ^ -I 1 1 — = 1 ^ I (2 27) 

5b 5ji 5jl5b 5b'^5a 5a 5b" 5b" 5 a 5a5b"J ' ^ ' ' 

which, as a consequence of the Slavnov identity, turns out to be nilpotent 

BB = ^ . (2.28) 
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As explained in |TI|, the Beltrami(no) parameters are treated as unquantized 
external fields. In particular (//, /i) are the sources for the components (Tzz,Tzz) of 
the energy-momentum tensor, i.e. 

Tzz T ; Tzz • (2.29) 

0/i 0/i 

In the same way the two Beltramino fields {a, a) describe the fermionic counterpart 
of ( p:29|) : 

Ta = ^ , r^ = ^ • (2.30) 

da da 

One sees then that the classical Slavnov identity ( |2.25| ) describes the current al- 
gebra of the components of the energy-momentum tensor. In particular, from the 
expression for the linearized Slavnov operator B it follows 

Tzz = Bb , T-z-z = Bb , To, = Bb" , T^ = Bb" . (2.31) 

meaning that the energy momentum tensor is cohomologically trivial. In addition, 
it is easily verified that the complete action S is itself a i3-variation 

-2iJ: = B J dzdz(^^J^X-^J^X-^J^X + ^J^F-.rc-rc+J'e+J'?j . (2.32) 

Equations ( p.31| ) and ( |2.32| ) are the generalization to superstring of the algebraic 
properties already found in the bosonic string [§. They suggest that, as in the 
bosonic case, one can interpret the superstring as a topological model of the Witten's 

type i. 



3 The vector supersymmetry 

In order to show the existence of the vector supersymmetry we introduce the two 
functional operators W and W 

»^=/d...(4+i+,/-^+4+j.^). (3.1) 

These operators are a direct extension of the vector supersymmetry operators intro- 
duced for the bosonic string and, together with the hnearized operator B, give 
rise to the following algebraic relations 

{B,W} = d , {B,W} = d , {W,W} = {W,W} = {W,W} = . (3.3) 

The algebra ( |3.3| ) closes on the space-time translations, it this then a supersym- 
metric algebra of the Wess-Zumino type. Eqs. (|0| ) represent a typical feature of 
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the topolgical models |^ and, as we will see in the next section, give a simple 
method for solving the descent equations corresponding to the superdiffeomorphism 
anomaly. 

Let us observe also that, in complete analogy with the bosonic case, the operators 
W and W when applied to the classical action E yield the linearly broken Ward 
identities 

WE = A , WE = A, (3.4) 



with 



A = 1 y dzdz(^rdc + rdc - rde - rde - J^dX + J^dX 

+J^dX - J^dF - bdfi - bdfi + b'^da + , (3.5) 

A = ^ y" dzdz(^rdc + rdc - rde - rde - J^dX + J^dX 

+JWX - J^dF - bdjj - WfL + b'^da + ¥dd^ . (3.6) 



Notice that A and A, being linear in the quantum fields, are classical breakings |15 



4 The superdiffeomorphism anomaly 

In this section we apply the supersymmetric structure ( p.3|) in order to solve the 
BRS consistency conditions for the Slavnov anomaly. In the following we identify 
the string world sheet with the complex plane C, the result can be generalized to 
any Riemann surface by introducing an appropriate projective connection, as done 

in iiei, ITTI 



At the quantum level the classical action E gives rise to a one-loop effective 
action 

r = E + nr^^) , (4.1) 

which obeys the anomalous Slavnov identity 

S{T) = hA . (4.2) 
The anomaly A is an integrated local two form with ghost number one Q 



A 



J Al (4.3) 



which has to fulfill the BRS consistency condition 

13A = . (4.4) 

^ We adopt here the usual convention of denoting with a g-form with ghost number equal 
to p. 



7 



This condition, when translated to the nonintegrated level, yields a tower of descent 
equations 



BAl + dAl = , 

BAl + dAl = Q , (4.5) 



BAl = Q 



where d denotes the exterior space-time differential 

d = d,d + d-,d , d^ = Q , {B, d} = {W, d} = {W,d} = . (4.6) 



As shown in , in order to find a solution of the ladder ( |4.5| ) it is sufficient to know 
the nontrivial solution of the last equation of the tower ( [4.5[ ). It is easy to check 
indeed that, once a nontrivial solution for has been found, the cocycles Al and 
Al are obtained by successive applications of the operators W and W on ^q, i.e. 

Al = {WAl)dz + {WAl)dz , (4.7) 
Al = {WWAl)dz A dz . (4.8) 

For what concerns the local cohomology of the linearized operator B in the zero 
form sector with ghost number three it turns out that the relevant cocycle can 
be identified, modulo a B coboundary, with 

= cdcd^c — cdede + l-dcdee — cBcB^c + cdede — \-dcdee . (4.9) 

This expression is the supersymmetric extension of the well known term ^0(^,0^ ) 

Al(jt,os.) = cdcd'^c - cBcB'^c , (4.10) 
which is at the origin of the diffeomorphism anomaly for the bosonic string 0, | 



Applying now the formula (|4.8| ) to ^q, for the integrated Slavnov anomaly A 
one gets the expression 

^ = y dzdzAl = 2 J dzdz{cd^fi + ed'^a) + 2 J dzdz{cB^Jx + iB'^a) . (4.11) 

This is the superdiffeomorphism anomaly (in the Wess-Zumino gauge) of the (1,1) 
superstring theory |jlO[- Using the truncation procedure of Sect. 2, for the (1,0) 
case one has 

^(1,0) = 2 j dzdzicd^fx + ed'^a) + 2 J dzdz{cB^fi) . (4.12) 

Expressions ( ^4.11|) fixes, through the numerical coefficient of the corresponding Feyn- 
man diagrams, the critical dimension of the (1, 1) superstring to be equal to 10, while 
in the (1,0) case Eq. ( [4.12| ) leads to a critical dimension 10 in the supersymmetric 
sector and 26 in the nonsupersymmetric one. 
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